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We search for self tuning solutions to the Einstein-scalar field equations for the simplest class of
‘Fab-Four’ models with constant potentials. We first review the conditions under which self tuning
occurs in a cosmological spacetime, and by introducing a small modification to the original theory -
introducing the second and third Galileon terms - show how one can obtain de Sitter states where the
expansion rate is independent of the vacuum energy. We then consider whether the same self tuning
mechanism can persist in a spherically symmetric inhomogeneous spacetime. We show that there
are no asymptotically flat solutions to the field equations in which the vacuum energy is screened,
other than the trivial one (Minkowski space). We then consider the possibility of constructing
Schwarzschild de Sitter spacetimes for the modified Fab Four plus Galileon theory. We argue that
the only model that can successfully screen the vacuum energy in both an FLRW and Schwarzschild
de Sitter spacetime is one containing ‘John’ ∼ Gµν∂µφ∂
νφ and a canonical kinetic term ∼ ∂αφ∂
αφ.
This behaviour was first observed in [1]. The screening mechanism, which requires redundancy of
the scalar field equation in the ‘vacuum’, fails for the ‘Paul’ term in an inhomogeneous spacetime.
I. INTRODUCTION
Regardless of whether one accepts the standard ΛCDM
cosmological model or believes that the observed late
time acceleration is due to some exotic and as yet un-
known dynamical energy component [2], the cosmologi-
cal constant problem remains an open issue. The mag-
nitude of the vacuum energy ρΛ is generically fixed by
the UV cut-off of the underlying effective field theory in
the matter sector. However the vacuum energy will grav-
itate, and cosmological constraints on its magnitude can
be placed. The ∼ O(1060) order of magnitude discrep-
ancy between the value of ρΛ allowed by cosmological
observations and its particle physics expectation value
can only be ameliorated by fine tuning the ‘bare’ value
of the cosmological constant appearing in the Einstein
Hilbert action. However, this fine tuning is not stable
and must be repeated at each order when calculating
loop contributions to the vacuum. Such an instability is
an indicator that the actual value of ρΛ is sensitive to
the full UV completion of the effective field theory in the
matter sector (see refs.[3, 4] for a thorough review).
There have been a number of novel approaches to re-
solving this issue - see refs.[5–12] for a non-exhaustive
list. In this work we focus on an interesting recent pro-
posal in which an attempt is made to dynamically can-
cel the effect of the vacuum energy using a scalar field
non-trivially coupled to the spacetime curvature [11, 12].
This effectively renders the cosmological constant prob-
lem moot, as we no longer care about the value that ρΛ
takes since it will not gravitate. The starting point is
the Horndeski action - the most general covariant scalar
tensor action that gives rise to second order field equa-
tions. This action is passed through a theoretical filter,
in which three conditions are imposed on the underlying
theory - that Minkowski space should be a solution to the
field equations regardless of the value of the cosmologi-
cal constant, that this solution should persist through a
discontinuous change to the vacuum energy, and that the
equations should admit non-trivial dynamics away from
the Minkowski vacuum solution. After applying these
conditions to the Horndeski Lagrangian, the authors ar-
rived at the following action [11, 12]
SFF =
∫ √−gd4x [VJohn(φ)Gµν∇µφ∇νφ+ VPaul(φ)Pµναβ∇µφ∇αφ∇ν∇βφ+ VGeorge(φ)R + VRingo(φ)Gˆ]+Smat (1)
where Gµν is the Einstein tensor, and Gˆ and Pµναβ are
the Gauss-Bonnet scalar and double dual of the Riemann
tensor respectively
Gˆ = RµναβRµναβ − 4RµνRµν +R2
Pµναβ = −Rµναβ + 2Rµ[αδνβ] − 2Rν [αδµβ] −Rδµ[αδνβ]
The four potentials VJ,P,G,R (here abbreviated) are arbi-
trary functions of the scalar field φ.
The theory was originally designed to screen the cos-
mological constant in an FLRW spacetime. An impor-
tant property of any attempt to screen the vacuum en-
ergy is that the mechanism must be applicable in both
a cosmological and an inhomogeneous spacetime, such
as the Schwarzschild metric. The cosmological constant
will gravitate not only cosmologically but also locally,
2introducing a modification to the Newtonian potentials
leading to potentially observable effects on the motion
of celestial bodies (for example, see ref.[4] for a nice
review). The resulting upper bound on ρΛ, while con-
siderably weaker than the cosmological one, remains ex-
tremely small relative to particle physics scales.
The persistence of the self tuning mechanism in the
‘Fab Four’ model in non-vacuum spacetimes is not triv-
ial, and in this work we investigate the conditions under
which the metric potentials in a spherically symmetric
spacetime remain independent of the magnitude of the
vacuum energy, and how we have to modify the origi-
nal theory to preserve the screening property. The work
will proceed as follows. In section II we write the covari-
ant Fab Four field equations and discuss the original self
tuning mechanism expounded in [11, 12]. In section IIA
we generalize the model, introducing Galileon terms and
show that such an introduction can give rise to screened
de Sitter vacuum states as opposed to Minkowski space.
In section III we search for spherically symmetric solu-
tions to the field equations in which the metric potentials
are independent of the cosmological constant, consider-
ing two Fab Four terms individually. We summarize our
results in section IV.
II. FIELD EQUATIONS
We restrict ourselves to the simplest version of the Fab
Four that can give rise to self tuning solutions for an
FLRW spacetime. Specifically, we take as our starting
point the following action,
S =
∫ √−gd4x [ R
16piG
+
cJ
M2
Gµν∇µφ∇νφ+ cP
M5
Pµναβ∇µφ∇αφ∇ν∇βφ− ρΛ
2
]
+ Smat (2)
That is, we fix VGeorge = constant = 1/16piG, VJohn =
constant = cJ/M
2 and VPaul = constant = cP/M
5. cJ,P
are dimensionless constants and M is the mass that fixes
the strong coupling scale of the scalar field. Since we are
considering the simplest case in which the four potentials
are constant, the Gauss-Bonnet contribution (Ringo) will
simply reduce to a boundary term.
The scalar field and Einstein equations read
2cJ
M2
Gµν∇µ∇νφ+ 3cP
M5
Pµναβ∇µ∇αφ∇ν∇βφ+ 3
8
cP
M5
Gˆ∇αφ∇αφ = 0 (3)
Gµν = 8piGρΛg
µ
ν +
cJ
M2M2pl
[
Gµν∇αφ∇αφ− 2Pµανβ∇αφ∇βφ+ 1
2
δµαβνσδ ∇σ∇αφ∇δ∇βφ
]
+
+
cP
M5M2pl
[
3
2
∇λφ∇λφPµανβ∇α∇βφ+ 1
2
δµαβγνδσθ ∇α∇δφ∇β∇σφ∇γ∇θφ
]
(4)
where
δµαβ...νγσ... =
∣∣∣∣∣∣∣∣
δµν δ
µ
γ δ
µ
σ ...
δαν δ
α
γ δ
α
σ ...
δβν δ
β
γ δ
β
σ ...
... ... ... ...
∣∣∣∣∣∣∣∣
(5)
and we have introducedM2pl = 8piG. The Fab Four scalar
field equation (3) has a particular property that allows
the theory to screen an arbitrary cosmological constant
ρΛ. To observe the mechanism, let us write the scalar
field and Friedmann equations for an FLRW metric
ds2 = −dt2 + a2δijdxidxj (6)
6cJH
2
M2
[
φ¨+ 3Hφ˙
]
+
12cJ
M2
H˙Hφ˙− 9cPH
2φ˙
M5
[
2Hφ¨+ 3H2φ˙+ 3H˙φ˙
]
= 0 (7)
3H2 = 8piGρΛ +
9cJ
M2plM
2
H2
(
φ˙
)2
− 15cP
M2plM
5
H3
(
φ˙
)3
(8)
3where we assume spatial flatness throughout this work
for simplicity. There are two important qualities associ-
ated with the scalar field equation (7). The first is that it
trivially vanishes on approach to the Minkowski vacuum
state, in which H˙,H2 → 0. As the equation is redundant
at the vacuum solution, we must use the Friedmann equa-
tion to determine the dynamics of φ at this point. The
second is that it contains time derivatives of H , allowing
for a dynamical approach to the vacuum. The final con-
dition imposed on the Horndeski action - that the ‘self
tuning’ solution persists during a piece-wise continuous
change in the vacuum energy, ensures that the Minkowski
vacuum solution is an attractor.
If we define a vacuum solution as H˙ = 0, φ¨ = 0, then
there are two vacuum states that solve equations (7, 8) -
φ˙ = 0, H = H0 and H = 0, φ˙ = α0, where α0, H0 are
constants. The former case is the standard General Rel-
ativistic vacuum, where H2 = H20 = 8piGρΛ/3 is fixed by
the Friedmann equation and φ˙ = 0 solves (7). The latter
solution is a vacuum state regardless of the magnitude of
ρΛ, with the scalar field φ˙ expectation value at the vac-
uum determined by the Friedmann equation. We note
that on approach to the Minkowski fixed point, φ˙ will
approach a constant value and so φ remains dynamical.
A. de Sitter Self Tuning Solutions
The original Fab Four model was designed to possess a
Minkowski vacuum state. However, one can modify the
theory slightly and search for different vacua, demanding
only that the expansion rate of the spacetime is inde-
pendent of the cosmological constant. To this end, let
us write the scalar field and Friedmann equations for a
slightly modified variant of the Fab Four, namely
S =
∫ √−gd4x [ R
16piG
+
cJ
M2
Gµν∇µφ∇νφ+ c2∇αφ∇αφ− ρΛ
2
]
+ Smat (9)
For an FLRW metric, the relevant equations take the
form
(
6cJH
2
M2
− 2c2
)[
φ¨+ 3Hφ˙
]
+
12cJ
M2
H˙Hφ˙ = 0 (10)
3H2 = 8piGρΛ +
9cJ
M2plM
2
H2
(
φ˙
)2
+
c2
M2pl
(
φ˙
)2
(11)
Once again, there are two vacuum solutions to this sys-
tem of equations. Setting H˙ = φ¨ = 0, the two vacua are
the standard GR case in which φ˙ = 0, H20 = 8piGρΛ/3
and H20 = c2M
2/(3cJ), φ˙ = α0, where α0 is an unim-
portant constant obtained from the Friedmann equation.
Now, we have two de Sitter vacuum states - the stan-
dard General Relativistic one and a second, in which H0
is completely independent of ρΛ. This de Sitter solution
was discussed in [13], and see also [14, 15].
One can perform the same trick with the cP term, if
we again modify the Fab Four action slightly. Taking as
our starting point the following action
S =
∫ √−gd4x [ R
16piG
+
cP
M5
Pµναβ∇µφ∇αφ∇ν∇βφ+ c3
M3
∇αφ∇αφφ− ρΛ
2
]
+ Smat (12)
where c3 is the cubic Galileon, we again derive the scalar
field and Friedmann equations
(
6c3 − 9cPH
2
M2
)(
2φ¨+ 3Hφ˙
) Hφ˙
M3
+
(
6c3 − 27cPH
2
M2
) (φ˙)2
M3
H˙ = 0 (13)
3H2 = 8piGρΛ − 15cP
M2plM
5
H3
(
φ˙
)3
+
6c3
M2plM
3
H
(
φ˙
)3
(14)
4This system of equations also has two de Sitter vacuum
states - H20 = 8piGρΛ/3, φ˙ = 0 and H
2
0 = 2c3M
2/(3cP),
φ˙ = α0. It is a curiosity that the Fab Four can yield de
Sitter solutions when taken in conjunction with the c2,3
Galileon terms. We consider the possibility of deriving
similar solutions for the c4,5 Galileon contributions in
future work.
III. SELF TUNING IN SPHERICALLY
SYMMETRIC SPACETIMES
The original Fab Four model was concerned solely with
self tuning within the context of cosmology. In this work
we are interested in the possibility that the screening be-
haviour might also be present in a spherically symmetric
spacetime. It is well known that the cosmological con-
stant problem is not solely the concern of cosmologists.
The vacuum energy will introduce a modification to the
metric potentials on astronomical scales. Such a mod-
ification would, for example, effect observables such as
the perihelion advance of Mercury. The resulting upper
bound on ρΛ, while considerably weaker than the cos-
mological one, remains extremely low relative to typical
particle physics scales [4]. Therefore the ability of the
model to screen a cosmological constant must be applica-
ble to spacetimes other than FLRW metrics if one wishes
to avoid fine tuning problems. For existing work in this
direction, we direct the reader to [1, 17–20].
In this section, we search for static, spherically sym-
metric solutions to the coupled scalar field and Einstein
equations for the general metric
ds2 = −h(r)dt2 + dr
2
f(r)
+ r2
(
dθ2 + sin2[θ]dφ2
)
(15)
We do not linearize in h(r), f(r). We try to keep our
discussion as general as possible, discussing the condi-
tions under which a screened solution can exist. At a
later stage, we take an ansatz for f(r) and h(r) that is
a known solution to the Einstein equations with ρΛ = 0,
and attempt to recover the same solution if we switch on
both a non-zero vacuum energy ρΛ 6= 0 and scalar field
φ(r, t). We do not assume that the scalar field is static,
as we anticipate that any screening mechanism must be
dynamical in nature.
A. Asymptotically flat solutions with John?
For a central mass M and vacuum exterior, the
Schwarzschild metric provides a full non-linear and stable
solution to the Einstein equations. We have
h(r) = f(r) = 1− µ
r
(16)
with constant µ = 2GM . We now show that no
Schwarzschild (or indeed any asymptotically flat) self
tuning solution exists for the ‘John’ fab four model. We
stress that our statement only applies if we wish to elim-
inate the effect of the cosmological constant - if we relax
this assumption then numerous solutions can be obtained
[21–32] (but see also [33]).
Our starting point is the action (9), with c2 = 0 - let
us write the scalar field equation for general h(r), f(r)
3cJ
M2
[(
f − 1
r2
+
f ′
r
)
∇0∇0φ+
(
f − 1
r2
+
fh′
hr
)
∇r∇rφ+
(
f ′
2r
+
fh′
2hr
+
fh′′
2h
+
f ′h′
4h
− f(h
′)2
4h2
)(∇θ∇θφ+∇φ∇φφ)
]
= 0
(17)
We have already discussed the conditions for self tuning
in a cosmological context - principle among them is that
the scalar field equation should be redundant on the vac-
uum solution. If we insert a Schwarzschild ansatz into
(17) the equation is trivially satisfied. So far so good,
however this is not a sufficient condition for self tuning to
occur in this spacetime. We have two additional hurdles
to overcome - the first is that the momentum constraint
equation is no longer trivial as it is for the FLRW met-
ric. This will impose an extra condition on our solution,
which our ansatz might not be able to satisfy. The sec-
ond is that the scalar field acquires a radial profile which
must solve the (r, r) Einstein equation as well as the en-
ergy constraint. Simply demanding that the scalar field
equation is identically satisfied is not sufficient to guar-
antee that a consistent solution exists of the form we are
imposing.
In this section we are searching for asymptotically
flat solutions - to leading order as r → ∞ we take
f(r), h(r) → 1 and find the Einstein equations reduce
to
5φ˙′ = 0 (18)
2cJ
M2M2pl
φ′
r
(
2φ′′ +
φ′
r
)
= 8piGρΛ (19)
2cJ
M2M2pl
(
−φ′′φ¨− φ¨φ
′
r
+ φ′′
φ′
r
)
= 8piGρΛ (20)
2cJ
M2M2pl
φ′
r
(
φ′
r
− 2φ¨
)
= 8piGρΛ (21)
This system of equations have unique solution
φ(r, t) = β
(
r2 − t2)+ λ0 + λ1t (22)
where
β = MMpl
√
8piGρΛ
24cJ
(23)
and λ0,1 are arbitrary constants. This is the form that
our solution must approach asymptotically, if we impose
Minkowski boundary conditions.
Without making any assumptions regarding h(r), f(r),
we can solve the (tr) Einstein equation as
φ = A(t) exp
[
1
2
∫ (
h′
h
+
f − 1
rf
)
dr¯
]
+B(r) (24)
for arbitrary functions A(t) and B(r) of t and r respec-
tively. This expression was first derived in [1]. For
this solution to reduce to (22) as r → ∞, we must fix
A(t) = −βt2 and λ1 = 0. In addition we fix λ0 = 0
without loss of generality. Using only the asymptotic
flatness assumption and the momentum constraint equa-
tion, we have completely fixed the time dependence of
φ(r, t). One free function remains - B(r) - which must
satisfy B(r)→ βr2 at spatial infinity.
If we insert (24) into the Einstein equations, what re-
mains is a system of ordinary differential equations for
f(r), h(r), B(r). For our ansatz to be valid, all explicit
time dependence must drop out of the (r, r), (t, t) and
(θ, θ) Einstein and scalar field equations. Our procedure
will be to collect powers of t in the Einstein equations,
and by demanding the coefficients of these terms are zero
we place constraints on the functions h(r), f(r), B(r). A
solution exists if we can completely eliminate the time
dependence from the Einstein equations, and if the re-
sulting ordinary differential equations admit a consistent
solution for h(r), f(r), B(r).
To eliminate the highest power of t from the Einstein
equations (∼ t4), one finds that h(r) and f(r) must be
related according to
h(r) = h0 exp
[∫
(1− f)
f
dr¯
]
(25)
Using this relation, we move to the next to leading or-
der (∼ t2) contributions to the (t, t) and (r, r) equations.
Eliminating these terms requires us to fix f = 1. We
are always free to define our time coordinate such that
h0 = 1. The condition that all time dependence drops
out of the equations forces us to fix h(r) and f(r) to
their Minkowski limits over the whole domain. In this
case, the Einstein equations collapse to (18−21) for all r
- this solution is simply the same Minkowski self tuning
first constructed in [11, 12]. We conclude that no non-
trivial self tuning solution exists if we demand that the
spacetime is asymptotically flat.
Let us review what has gone wrong. The condition of
asymptotic flatness, together with the momentum con-
straint equation, completely fixes the time dependence of
the solution. What remains are the scalar field and Ein-
stein equations, which become differential equations for
h(r), f(r), B(r). For these functions to be independent
of the time coordinate, all explicit time dependence must
drop out of the equations. This can only be achieved by
fixing the coefficients of the powers of t in the Einstein
equations to zero separately. However, doing so forces us
to fix h(r) = f(r) = 1, in which case our solution reduces
to the known Minkowski screened solution.
It is clear that the self tuning conditions are more
complicated for spacetimes with reduced symmetries -
the momentum constraint places non-trivial conditions
on the solution.
B. Schwarzschild de Sitter solutions with John and
Canonical?
Inspired by section IIA, let us now search for
Schwarzschild de Sitter solutions for the modified action
(9), which contains both ‘John’ and a canonical kinetic
term for the scalar field. We search for solutions of the
form
h(r) = f(r) = 1− µ
r
− βr2 (26)
for arbitrary constants µ, β. The metric potentials are
no longer asymptotically flat, so we cannot use equations
(18− 21) to fix the form of φ(r, t) as in section III A.
The scalar field equation reads
(
c2 − 3cJβ
M2
)
φ = 0 (27)
The equation is identically satisfied if we fix c2 =
3cJβ/M
2. This is the same condition as found in section
IIA. The momentum constraint equation, after fixing c2,
is given by φ˙′ = 0 - hence our solution must have the form
φ = κ(t) + ω(r). Consistency of the gravitational equa-
tions forces us to choose κ(t) = κ1t for constant κ1. This
choice ensures that there is no explicit time dependence.
The (r, r) equation then reads
68piGρΛ +
cJ
M2plM
2
κ21
(
µ− 2βr3)
r3h
+
cJ
M2plM
2
h
(−1 + 3βr2)
r2
(ω′)2 = 3β (28)
which has solution
ω′ =
κ1
h
√
1− h (29)
if we also fix the constant κ1 as
κ21 =
M2M2pl
3βcJ
(8piGρΛ − 3β) (30)
Somewhat surprisingly, this solution also satisfies the
Hamiltonian constraint equation, and hence constitutes
an exact solution to the Einstein and scalar field equa-
tions. This solution was first obtained in [1].
Let us summarize. The ‘John’ Fab Four term in iso-
lation can give rise to self tuning Minkowski solutions
cosmologically. If we include a canonical kinetic term,
then we can also obtain de Sitter solutions starting from
an FLRW metric. When we move to a spherically sym-
metric spacetime, the John term alone cannot give a self
tuned Schwarzschild (or any asymptotically flat) solu-
tion. However, John with a non-zero c2 can yield an
exact Schwarzschild de Sitter solution, where the asymp-
totic de Sitter state is independent of the magnitude of
ρΛ. ‘John’ with a canonical kinetic term can screen the
vacuum energy in both homogeneous and inhomogeneous
spacetimes.
C. Spherically Symmetric, Self Tuning Solutions
with Paul?
Let us now move onto ‘Paul’ - fixing cJ = 0 and cP 6= 0.
Initially we also set c3 = 0. We begin by showing, as
for the ‘John’ case, that no consistent, self tuned and
asymptotically flat solution to the field equations exist
(unless the space-time is exactly Minkowski). We begin
by noting that for any metric in which h(r), f(r) → 1
in the far field limit, the ‘Paul’ Einstein equations are
asymptotically of the following form
3cP
(φ′)2φ′′
M5M2plr
2
− 8piGρΛ = 0 (31)
3cP
(φ′)2φ¨
M5M2plr
2
+ 8piGρΛ = 0 (32)
3cP
φ′φ′′φ¨
M5M2plr
+ 8piGρΛ = 0 (33)
3cP
(φ′)2φ˙′
M5M2plr
2
= 0 (34)
where we have used (34) to set φ˙′ = 0 in (33). Aside from
the ‘trivial’, GR case φ = constant, ρΛ = 0, this system
of equations has solution
φ = β
(
r2 − t2) (35)
where
β =
(
piGρΛM
5M2pl
3cP
)1/3
(36)
This result is no surprise - for an asymptotically flat
spacetime any self tuning mechanism must simply reduce
to the Minkowski one in which φ = φ(r2 − t2) as r →∞.
Returning to the full non-linear equations, the solution
to the (tr) Einstein equation that satisfies (35) at spatial
infinity is given by
∇0∇rφ = 0 (37)
φ = A(t)
√
h+B(r) (38)
for arbitrary functions A(t), B(r). To satisfy the asymp-
totic condition (35), we must set A(t) = −βt2 (this func-
tion is independent of r, and so is completely fixed by
the boundary condition). We have one remaining func-
tion, B(r), which approaches B(r) → βr2 as r → ∞.
The scalar field and (t, t), (r, r), (θ, θ) Einstein equations
then reduce to a system of ordinary differential equations
for B(r), h(r), f(r). As in the case of ‘John’, consistency
of the solution requires that all time dependence must
drop out of these equations - by setting successive pow-
ers of t to zero we obtain a system of constraints that
the ansatz must satisfy. The highest order time depen-
dence appearing is now ∼ t6 - the requirement that the
coefficients of these terms are zero forces us to fix h′ = 0.
This also removes all ∼ t4 terms. To eliminate the ∼ t2
dependence, we must further fix f = 1. We arrive at the
same conclusion as for ‘John’ - no asymptotically flat so-
lution exists in which self tuning occurs, other than the
original Minkowski case f = h = 1.
Let us now switch on the c3 term and search for a
solution of the form
f(r) = h(r) = 1− βr2 (39)
We already know that such a solution should exist - it is
simply the same de Sitter state obtained for an FLRW
7spacetime in section IIA recast in static coordinates. Let
us derive it.
If we impose the following relationship between c3 and
cP
c3 =
3βcP
2M2
(40)
then the scalar field equation is identically satisfied. Fur-
thermore, the (t, r) Einstein equation reduces to φ˙′ = 0,
with solution φ = κ(t) + ω(r). One can ensure that
all time dependence drops out of the remaining Einstein
equations by setting κ(t) = κ1t. What remains is a sys-
tem of ordinary differential equations for ω(r). One can
show that a consistent solution to the equations exists,
where ω′(r) satisfies the cubic polynomial
− 6β cP
M2plM
5
h2
(ω′)3
r
+ 6β
cP
M2plM
5
κ21
ω′
r
= 8piGρΛ − 3β
(41)
if we fix
κ1 =
[
(8piGρΛ − 3β)
M5M2pl
6cPβ3/2
]1/3
(42)
This serves as a useful check on our equations.
Let us finally search for Schwarzschild de Sitter solu-
tions of the form (26), with β and µ independent of ρΛ.
Such a solution was found for ‘John’, and thus far our
calculations involving ‘Paul’ have closely mimicked this
case. However one can show that for ‘Paul’, one of the
key properties of self tuning (redundancy of the scalar
field equation) breaks down as soon as we take a non-
vacuum metric ansatz.
Let us write the scalar field equation for the action (12)
as
[
3
cP
M2
Pµανβ + 2c3
(
δµν δ
α
β − δαν δµβ
)]
∇µ∇νφ∇α∇βφ+
(
3
8
cP
M2
Gˆδαβ − 2c3Rαβ
)
∇αφ∇βφ = 0 (43)
For a vacuum spacetime, Gˆ and all components of Pµανβ
and Rαβ are constant, and by virtue of their contraction
with the symmetric tensor ∇β∇αφ, the tensors Pµανβ
and
(
δµν δ
α
β − δαν δµβ
)
have the same symmetry properties
in (43). At a de Sitter point, we can write equation (43)
as
[
−3cPH
2
0
M2
+ 2c3
] (
δµν δ
α
β − δαν δµβ
)
∇µ∇νφ∇α∇βφ+
(
9
cP
M2
H40 − 6c3H20
)
δαβ∇αφ∇βφ = 0 (44)
for constantH0. The coefficients of both the (∇∇φ)2 and
(∇φ)2 are exactly zero if we fix c3 appropriately, for a de
Sitter spacetime. However, for a Schwarzschild de Sitter
metric, the function Gˆ and components of Pµανβ contain
an explicit radial dependence, which cannot be canceled
by the constant c3 term. Furthermore, the components
of Pµανβ are not equal, so we cannot write
Pµανβ ∼ A(r)
(
δµν δ
α
β − δαν δµβ
)
(45)
in equation (43). The coefficients of the scalar field ki-
netic terms (∇∇φ)2 and (∇φ)2 are therefore generically
non-zero over the whole r-domain (in fact they are sin-
gular in the limit r → 0), and there is no redundancy
in the equations. This destroys the self tuning condition,
which requires the scalar field equation to be trivially sat-
isfied on the screened solution (‘on-shell’ in the language
of [11, 12]). In fact on approach to the central singularity
r → 0, the scalar field must be fixed by the scalar field
equation, independently of both c3 and ρΛ, due to the
potentially divergent Gˆ(∂φ)2 and Pµανβ∇ν∇µφ∇β∇αφ
terms at this point.
For comparison, let us write the covariant scalar field
equation for ‘John’ plus canonical, discussed in section
III B. In this case, screened Schwarzschild de Sitter solu-
tions were obtained. The equation reads
2
( cJ
M2
Gµν + c2δ
µ
ν
)
∇µ∇νφ = 0 (46)
8Again, for a de Sitter state all components of Gµν are
simply constant and Gµν ∝ δµν . The important difference
between this case and ‘Paul’ is that for a Schwarzschild
de Sitter spacetime, the constancy of Gµν is preserved,
and the field equation remains redundant. This allows
screened solutions to be obtained.
IV. DISCUSSION
In this work we have searched for spherically symmet-
ric solutions in the ‘Fab-Four’ class of scalar-tensor field
theories. As the spacetimes that we consider are not nec-
essarily vacuum states, it is not clear a priori that the
self-tuning mechanism used within a cosmological con-
text in [11, 12] will persist. One must check whether so-
lutions can be obtained in which the metric components
are independent of the vacuum energy.
We focused on the simplest class of screening solutions
in which the Fab Four potentials reduce to constants. We
have argued that no asymptotically flat solutions exist for
either ‘Paul’ or ‘John’ in isolation, in which the metric
potentials are independent of the vacuum energy. The
requirement of screening coupled to asymptotic flatness
forced the equations to collapse to the original Minkowski
space solution of [11, 12].
When considering Schwarzschild de Sitter spacetimes,
we reproduced the same solution as obtained in [1] for
‘John’ with a canonical term. We also found a new de Sit-
ter solution, involving Paul and the third Galileon term.
However we argued that this de Sitter state could not be
promoted to a Schwarzschild de Sitter solution, as this
spacetime destroys one of the key conditions for screen-
ing - that the scalar field equation is identically satisfied
at the ‘vacuum’.
It is clear that the condition that the screening mecha-
nism must be applicable in an inhomogeneous spacetime
further restricts the viable model space, tightening the
noose on the ability of scalar-tensor theories to address
the cosmological constant problem. However the Fab
Four model survives, and it seems that ‘John’ plus canon-
ical has a special place in the pantheon of scalar-tensor
theories, being able to screen a cosmological constant in
both an FLRW and Schwarzschild de Sitter spacetime.
A number of extensions to this work can be under-
taken. To begin, it would be of considerable interest to
test the stability properties of the screened Schwarzschild
de Sitter solution. By introducing an explicit time depen-
dence to the metric potentials, and evolving the combined
system φ(r, t), f(r, t), h(r, t) from an initially perturbed
state, one can deduce whether the solution is an attrac-
tor. In addition to the demand that perturbations do
not grow, we should also check the boundedness of the
Hamiltonian.
In addition, the author would like to introduce matter
to the theory, and consider how one might construct a vi-
able cosmology consistent with current observations [16].
As stated in [34], the simplest Fab Four action has the
undesirable property that it screens not only the vacuum
energy but also dark matter and baryons. Understanding
how the scalar field should couple to matter remains an
open question.
Finally, one would like to test the quantum stability
of the screening mechanism. Although the existence of
screened de Sitter solutions is of considerable interest,
critics would argue that we have simply swapped one
fine tuning for another - forced as we are to set the mass
scale M associated with the scalar field to M ∼ O(H0),
where H0 is the observationally determined (small) vac-
uum energy. Understanding the stability of the scalar
field kinetic terms within the context of radiative cor-
rections is really the crux of the issue and will determine
whether the Fab Four provides any improvement over the
typical ρΛ fine tuning. This is a direction of future study.
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